Abstract We say a natural number n is abundant if σ(n) > 2n, where σ(n) denotes the sum of the divisors of n. The aliquot parts of n are those divisors less than n, and we say that an abundant number n is pseudoperfect if there is some subset of the aliquot parts of n which sum to n. We say n is weird if n is abundant but not pseudoperfect. We call a weird number n primitive if none of its aliquot parts are weird. We find all primitive weird numbers of the form 2 k pq (p < q being odd primes) for 1 ≤ k ≤ 14. We also find primitive weird numbers of the same form, larger than any previously published.
Introduction
We define the arithmetic function σ : N → N by
the sum taken over the positive divisors d of n. We say n is abundant if σ(n) > 2n, perfect if σ(n) = 2n, and deficient if σ(n) < 2n.
The aliquot parts of n are the positive divisors of n that are less than n. We may denote this set by A n = {d | n : 0 < d < n}.
We say that n is pseudoperfect if n is abundant and there exists a subset S ⊂ A n such that n = d∈S d.
We say n is weird if n is abundant but not pseudoperfect. The smallest weird number is 70, and all known weird numbers are even. Benkoski and Erdős [1] have shown that the weird numbers have positive asymptotic density, a fortiori there exist infinitely many of them. However, their infinitude also follows from the simple fact that pw is weird if w is weird and p > σ(w) is a prime. We say n is primitive weird if n is weird and none of its aliquot parts are weird. It is unknown if infinitely many primitive weird numbers exist.
Clearly all prime powers are deficient, and it is not hard to show that 2 k p m is either deficient, perfect, or pseudoperfect for all k ≥ 1, m ≥ 1, and odd primes p. Thus the simplest form a weird number may assume is 2 k pq for some k ≥ 1 and odd primes p < q. Such numbers must be primitive weird. Pajunen [4] listed all weird 2 k pq up to k = 8. Kravitz [3] searched for and discovered large numbers of this type, the largest being 2 56 · 153722867280912929 · 2305843009213693951.
We expand Pajunen's list to k = 14, and we list several weird numbers 2 k pq of over a thousand digits' length.
Preliminaries
Consider a finite set S ⊂ N given by S = {a 1 , a 2 , a 3 , . . . , a n }.
We define Σ(S) by Σ(S) = n j=1 ǫ j a j : ǫ j = 0 or 1, 1 ≤ j ≤ n .
That is, Σ(S) is the set of all possible sums taken from the elements of S, if no element is taken more than once. Clearly |Σ(S)| ≤ 2 n . Thus n is pseudoperfect if and only if n is abundant and n ∈ Σ(A n ). We define a(n) = σ(n) − 2n, hence n is abundant if and only if a(n) > 0. Since
it follows immediately that an abundant number n is pseudoperfect if and only if a(n) ∈ Σ(A n ). Fix k ≥ 1 and let n = 2 k pq, where p < q are odd primes. Let M = 2 k+1 − 1 and let a = a(n), so that a = M (p + 1)(q + 1) − (M + 1)pq = M + M p + M q − pq.
Assuming n is abundant (i.e., a > 0), we have
this is equivalent to
3. Necessary and sufficient conditions for weird 2 k pq
Suppose n = 2 k pq is weird. We can show
For, if a ≤ M we would have a = for some J ⊂ {0, 1, . . . , k}. Since we assume p < q, the left-hand side of (2) is positive and (p − M ) < M (M + 1) − a < M, whence p < 2M . By (2) and (3) we have 4 | a and
M < a < M (M + 1). (5)
Since n is weird, by (1) we have pq = r + sp + tq for all positive integers r, s, and t ≤ M . Conversely, fixing k ≥ 1, setting M = 2 k+1 − 1, and given a as in (5), we factor
If p = M + 2d and q = M + 2e are both prime, and if pq = r + sp + tq for all positive integers r, s, and t ≤ M , then it follows from (1) that a / ∈ Σ(A 2 k pq ), and hence 2 k pq is weird. Thus, for each fixed k ≥ 1, we are able to conduct a finite search for all weird numbers 2 k pq. We list all such for 1 ≤ k ≤ 14, in Tables 1 to 41 , which are found following the references. The number of weird numbers 2 k pq, for each k, 1 ≤ k ≤ 14, are as follows.
k # of weirds k # of weirds k # of weirds k # of weirds 1 1  5 10  9  115  12 683  2 1  6 23  10 210  13 1389  3 5  7 29  11 394  14 3118  4 3 8 53
Based on empirical evidence, we conjecture that the upper bound in (5) can be reduced to M < a < (M + 1)(M + 2) 3 .
Large examples of 2 k pq
With n = 2 k pq as in §3, we remark that n is weird if a = M + 1 = 2 k+1 . For, in this case we have k j=0 2 j < a < p, and so it is impossible to have a ∈ Σ(A n ). In this case, (2) becomes
Factoring 2 k − 1 = uv will produce a weird number if p and q are both prime, where
for some i, 0 ≤ i ≤ k.
For speed and simplicity, we factored 2 k − 1 in (7) algebraically: we considered k = 24j and obtained
where Φ m (x) denotes the cyclotomic polynomial of order m evaluated at x. Then the factors u and v were generated by taking all possible subsets
We also choose all possible 0 ≤ i ≤ k to produce p and q in (8), (9). If such a pair p, q are both prime then 2 k pq is weird. To test p in (8) and q in (9) for primality, we first ran an initial screen comprising pseudoprime tests for the bases 2, 3, 5, and 7. Assuming both p and q survive the screen, we then applied Lucas sequences to try and prove primality for both. Recall that U n and V n are the Lucas sequences with parameters P , Q if for all n ≥ 0
where α and β are the real (or complex) numbers determined by α+β = P , αβ = Q. In all our tests we take Q = −1, and ∆ = P 2 + 4. We were able to produce several prime pairs p, q by applying either Theorem 4.2.3 or Theorem 4.2.8, found in Chapter 4, Section 2, Crandall and Pomerance [2] . We rewrite both theorems here (in their given order) with less generality than they're given in the text [2] , in accordance with our specific needs. Proposition 1. Suppose ∆ n = −1, Q = −1, and n is an odd positive integer. Suppose F = 2 k for some k > 1, F | n + 1, and that the Lucas sequence U n has the property U n+1 ≡ 0 (mod n), gcd(U (n+1)/2 , n) = 1.
Then every prime p dividing n satisfies p ≡ ∆ n (mod F ). In particular, if F > √ n + 1, then n is prime.
Note that
∆ n denotes the Jacobi symbol.
Proposition 2. Suppose
∆ n = −1, Q = −1, and n is an odd positive integer. Suppose F = 2 k for some k > 1, and F | n + 1 where F > n 1/3 + 1. Suppose further that the Lucas sequence U n has the property
Write n + 1 = F R, and write R in base F so that
Then n is prime if and only if neither
In (8), (9), both p + 1 and q + 1 have the form F R, where F is a power of 2 and R is odd. We calculate both U R and V R by repeated use of the identities
Since we only use Q = −1, we have V 2m = V 2 m − 2 when m is even, and V 2m = V 2 m + 2 when m is odd. After computing U R and V R , we need only compute V F R/2 . For, we have gcd(V F R/2 , U F R/2 ) = 1 or 2, and U F R = U F R/2 V F R/2 . Since p and q are odd,
is computed by applying first V 2R = V 2 R + 2, and then applying
We found 66 such primitive weird numbers 2 k pq, ranging in digit length from 219 to 2077. We list them in Tables 42-48 , after the references. For ease in reading these tables, the primes p and q are given in the form of (8), (9), with u and v expressed as products of cyclotomic polynomials Φ d (2 j ). Please bear in mind here that we shall use the symbol Φ d to represent Φ d (2 j ), and j will be given.
Recall that
With each weird number listed, we indicate the parameters P and ∆ of the particular Lucas sequences used to prove the primality of p and q respectively. We also write either "Thm. 4.2.3" or "Thm. 4.2.8" to indicate which of the two theorems by Crandall and Pomerance [2] were applied in each of the primality proofs for p and q. We also indicate the digit length of p, q, and n = 2 k pq. 
